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A B S T R A C T   

The conventional methods to improve the performance of annular thermoelectric generators (ATEGs) heavily 
rely on optimizing the thermal design of individual annular thermoelectric couples (ATECs). However, since a 
practical ATEG consists of many ATECs, the optimal structure of the ATEG can differ from the ATEC-based 
design. On the other hand, optimization by simply considering all ATECs can lead to a heavy computation 
burden. This work first proposes a high-fidelity, fluid-thermal-electric multiphysical ATEG model, solved by a 
computationally-efficient dual-finite-element method to cope with the challenge. This model explores the effects 
of ATEC microstructure and heat exchanger structure on ATEG performance under various operating conditions. 
Comparative multi-objective optimization studies were performed at three levels, i.e., for a single ATEC, a single 
ring of ATEG, and the entire ATEG. The results reveal that the optimized structural parameters of ATECs have 
some new features when considering the entire ATEG as the optimization objective. The optimal height, angle, 
and thickness of ATECs are 12 mm, 2.35◦, and 10 mm, respectively. The corresponding net power, efficiency, and 
power density of ATEG are 321.6 W, 6.58 %, and 634.15 W/m3, respectively. Compared to the traditional design 
method based on a single ATEC and a single ring, the net power of the ATEG designed with the proposed method 
can be enhanced by 168 % and 197 %, respectively, at the expense of only a 20 % reduction in the power density.   

1. Introduction 

The development of fossil-fuel-based energy systems has caused 
significant environmental and economic issues regarding climate 
change and air pollution, leading to soaring energy costs in recent years. 
The goal to reduce greenhouse gas emissions from fossil fuels and stop 
global warming has been established in different countries. The para-
digm shift in the transport sector is majorly achieved by promoting 
electrified vehicles and improving traditional internal-combustion- 
engine-based vehicles using cleaner and renewable fuels [1]. In a 
typical fuel-powered vehicle, roughly 70 % of its energy consumption is 
wasted as heat, of which 40 % is discharged through the automobile 
exhaust system. Different thermal energy recovery technologies, such as 
those based on the Kalina cycle [2,3], thermophotovoltaic [4], organic 
Rankine cycle [5], and thermoelectric power generation [6–9], have 
been proposed. Among these technologies, directly converting heat into 
electricity using thermoelectric generators (TEGs) is a simple and 
environmentally friendly solution. Miniaturization, low noise, and no 

moving parts are among the benefits of TEGs. Recovering thermal en-
ergy from exhaust gas based on thermoelectric effects can also enhance 
fuel efficiency while meeting the industry standards on exhaust emis-
sions [10]. Several pilot TEG projects for vehicle applications have been 
reported in recent years [11,12]. Nevertheless, the performance of the 
automobile TEGs is still far from being commercially viable. 

A TEG usually consists of a large number of thermoelectric couples 
(TECs), and conventional TECs have a flat structure. However, since the 
vehicle exhaust duct is a cylindrical heat source, fitting such flat-type 
TECs (FTECs) into the vehicle system can lead to high contact thermal 
resistance and heat loss. This defect motivates the recent investigation of 
annular thermoelectric couples (ATECs). Such ATECs are also well 
suited for flexible micro-light-emitting diodes [13], annular solar ther-
moelectric generators [14], and liquefied natural gas cold energy re-
covery [15], where the heat sources are also cylindrical. 

Due to the significant structural differences, conclusions of the 
studies for FTECs cannot be generally extensible and applicable to 
ATECs. Many research works have thus focused on ATECs and ATEGs in 
recent years. For example, Shen et al. [16] derived a set of fundamental 
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equations for an ATEC. They investigated the effect of the shape factor sr 
on the thermoelectric performance under various load and temperature 
conditions. Subsequently, the same authors investigated the effect of 
ATEC shape parameters under constant heat flux conditions [17]. It was 
found that the higher the heat flux is, the better the performance the 
ATEC can have. It also showed that the ATEC outperformed the FTEC 
because unnecessary contact thermal resistance was reduced. Zhang 
et al. established a generic mathematical model to study the impacts of 
different design factors on thermoelectric properties. These factors 
include the dimension [18], contact resistance [18], and interfacial layer 
[19]. It was found that the interfacial layer in the ATEC would signifi-
cantly degrade the performance of the ATEG. In order to obtain the best 
geometry with high thermoelectric and mechanical properties, Fan et al. 
[20] developed a numerical model for a single-ring ATEC. The authors 
investigated the effects of geometry and the number of ATECs in a single 
ring on thermoelectric performance and mechanical reliability. Asaadi 
et al. [21] established a three-dimensional (3D) transient numerical 
model of an ATEC where the effect of pulsing thermal input on ther-
moelectric properties is explored. Sun et al. [22] proposed an analytical 
model of ATEC that considers the Thomson effect. This model can be 
used to calculate ATEC power and efficiency conveniently. Tan et al. 
[23] proposed a numerical model of ATEC considering the interfacial 
layer. They found that the impedance of the interfacial layer leads to 
temperature drop and performance degradation while increasing the 
height of the ATECs can effectively improve the output power. Gao et al. 
[24] exhibited the influence of structural parameters of the thermo-
electric legs and pulse currents on the cooling performance by devel-
oping a 3D transient model. Zaher et al. [25] proposed a dimensionless 
design factor that combines the diameter, filling ratio, and thickness 

ratio to obtain an optimal design parameter for maximum power output. 
Weng et al. [26] proposed a variable-angle ATEC to increase the output 
power and the maximum thermal stress on the semiconductor legs. The 
variable-angle ATEC they designed could increase output performance 
by 35 % but at the cost of a 30 % increase in maximum thermal stress on 
the thermoelectric legs. 

In recent years, thermoelectric materials have made remarkable 
developments. Considering the different optimal temperature ranges of 
various thermoelectric materials, the segmented ATEC (SATEC) and the 
two-stage ATEC, where different thermoelectric materials are used in an 
annular thermocouple, have been proposed. Fan et al. [27] studied the 
thermoelectric performance and mechanical reliability of a SATEC in 
steady and transient states. The effect of structural parameters on the 
optimal thermoelectric performance was also presented. Shittu et al. 
[28] proposed a 3D finite element numerical model of SATEC, with 
which the effects of different geometries on optimal thermoelectric 
performance and thermal stress were studied. Asaadi et al. [29] inves-
tigated the thermodynamic performance and the exergoeconomic 
properties of two-stage ATECs. Their results showed that an angle ratio 
of one provided improved exergoeconomic performance and the mini-
mum cost per output power. Tian et al. [30] examined the exergetic and 
economic performance of SATECs and discovered that the segmented 
structure outperforms the non-segmented one. Aljaghtham et al. [31] 
proposed a unileg segmented ATEC that can reduce thermal stress while 
increasing power generation capacity and efficiency. 

In view of the above, there is plenty of research on single ATEC or 
single-ring ATECs. Nevertheless, from the perspective of an ATEG sys-
tem, there can be a significant temperature difference between the 
thermal fluid and the cold end of the thermoelectric components. 

Nomenclature 

A heat transfer area, m2 

c specific heat capacity, J/(g•K) 
D diameter of heat exchanger, m 
fz friction coefficient 
F Darcy resistance coefficient 
h convective heat transfer coefficient, W/(m2•K) 
H thermoelectric leg height, m 
Hr surface roughness, m 
I loop current, A 
k total heat transfer coefficient, W/(m2•K) 
K thermal conductance, W/K 
L length of heat exchanger, m 
m mass flow rate, g/s 
n the ring number 
Nu Nusselt number 
P output power, W 
PDV Volumetric power density, W/m3 

Δp pressure drop, Pa 
Pr Prandtl number 
q number of thermocouples in a single ring 
Q heat flow, W 
r radius, m 
R electric resistance, Ω 
Re Reynolds number 
T temperature, K 
v velocity, m/s 
Voc Seebeck voltage, V 

Superscript 
i index of a computational unit, i = 1, 2, ⋅⋅⋅, m 
j index of a computational unit, j = 1, 2, ⋅⋅⋅, n 

Greek 
α the Seebeck coefficient, V/K 
γ dimensionless diameter 
δ thickness of thermoelectric legs, m 
η efficiency, % 
θ angle of thermoelectric legs, ◦
λ thermal conductivity, W/(m•K) 
µ dynamic viscosity, Pa•s 
ρ resistivity, Ω•m 
ω density, kg/m3 

φ angle of the gap between legs, ◦

Subscript 
c cold end of the semiconductor legs 
cer ceramic plate 
cu copper sheet 
f thermal fluid 
h hot end of the semiconductor legs 
hex hot side heat exchanger 
i inner cylinder of heat exchanger 
loss consumed pump value 
L external load 
n n-type semiconductor leg 
net net value 
out output value 
p p-type semiconductor leg 
w cold fluid/water 

Abbreviations 
ATEC annular thermoelectric couple 
ATEG annular thermoelectric generator 
FTEG flat thermoelectric generator 
TEG thermoelectric generator  

W. Yang et al.                                                                                                                                                                                                                                   



Applied Thermal Engineering 220 (2023) 119797

3

Therefore, the optimal performance of an ATEG system cannot be 
guaranteed by ignoring this difference. A practical method to increase 
the power generation capacity and thermal energy recovery is 
improving the convective heat exchange between the exhaust and the 
thermoelectric components. At the same time, a significant temperature 
drop can be observed during the exhaust gas flow from the inlet to the 
outlet of the TEG, particularly in the cylindrical channel. Therefore, 
improving temperature uniformity over the entire TEG can significantly 
improve output performance and equipment life. The temperature uni-
formity inside a conventional FTEG is usually improved by filling with 
thermally conductive copper foam, spoiler tape, fins, and phase change 
materials. Some methods have also been proposed to improve heat 
transfer in ATEGs. For instance, Cui et al. [32] proposed a porous ATEG 
and studied the effects of gas flow rate, external resistance, and porosity 
on thermoelectric properties. They found that the porous structure 
increased the output power significantly. Tian et al. [33] studied the 
performance of annular thermoelectric coolers based on the heat 
transfer rate, temperature distribution, and other conditions of the 
thermoelectric legs. It was found that the annular thermoelectric cooler 
can be effectively used for cooling if the proper geometry is chosen. Yang 
et al. [34] suggested using a heat exchanger with a concentric annular 
channel to improve heat transfer inside the ATEG, resulting in higher 
power output and net power. Yang et al. [35] proposed a net power ratio 
metric to assess the impact of various heat transfer enhancement 
methods on power generation capacity. Furthermore, Huang et al. [36] 
investigated the effect of heat source parameters and cooling medium 
flow rate on the performance of ATEG. 

Notably, due to the high processing/fabrication costs of thermo-
electric elements, most researchers currently use a theoretical modeling 
approach to structurally optimize the parameters of a specific ATEG 
design without considering various geometric structures and comparing 
their performances with experimental and testing results. As seen from 
the summary of ATEC/ATEG models in Table 1, these theoretical models 
include numerical computational models, equivalent thermal resistance 
network models, and computational fluid dynamics (CFD) models. They 
have been used widely to simulate and optimize the performance of 
ATEGs in recent years. 

From the above review of relevant literature, the structural optimi-
zation can be designed at three levels: 1) a single ATEC [16–19,21–24]; 
2) a single ring of the ATEG [20,38]; and 3) the whole ATEG [33–36]. 
Schematic diagrams of the models for these three levels are shown in 
Fig. 1. The majority of the existing studies are for structural optimization 
of a single ATEC, as shown in Fig. 1(a), or an annular thermoelectric 
module or ring consisting of many ATECs connected in series, as shown 
in Fig. 1(b). However, a practical ATEG usually consists of hundreds of 
ATECs connected in series in the form of many rings to supply-one load 
(see Fig. 1(c)). Due to the coupling effect, the geometry optimization 
results of a single ATEC might not be applicable to the integrated ATEG 
with many ATECs, and thus we focus on the ATEG system as in Fig. 1(c) 
in this work. 

Besides the theoretical models, three-dimensional (3D) ATEC finite 
element models built in multiphysics simulation software such as 
COMSOL or ANSYS can accurately predict the detailed distribution of 
thermoelectric properties and physical parameters of thermoelectric 
components. However, these models require long computation time and 
are difficult to be incorporated into some design optimization routines. 
Moreover, the computational burden can drastically increase for an 
ATEG with hundreds of ATECs. Thus, global structural optimization of 
ATEG using this modeling approach is rarely seen in the literature. 

In view of the above, it is very challenging to optimize the perfor-
mance of an ATEG system with the consideration of the micro-geometry 
of the ATECs. To solve the problem, we propose a fluid-thermal-electric 
multiphysical mathematical model with which the ATEG performance 
can be analyzed and optimized considering the micro-geometry of the 
ATECs and fluid channel structure. The primary contributions of this 
study are summarized as follows: 

Table 1 
Recent advances in modeling methods for ATECs and ATEGs.  

Research 
subject 

Model type Modeling 
method/ 
Software 

Features References 

ATEC coupled 
thermal- 
electric 
mathematical 
model 

finite element 
method/ 
Matlab 

constant 
boundary 
condition 

[16,22,26,37] 

one- 
dimensional 
steady state 
short 
calculation 
time 

Mathematical 
calculation 

convective/ 
constant 
boundary 
conditions 

[18,19,23] 

short 
calculation 
time 
one- 
dimensional 
steady state 

finite element 
analysis/ 
ANSYS 

three- 
dimensional 
steady state 

[31] 

relatively 
long 
calculation 
time 

finite element 
method/ 
COMSOL 

constant 
boundary 
condition 

[21,24,27–30] 

three- 
dimensional 
steady and 
transient 
state 
relatively 
long 
calculation 
time 

A single 
ring of 
an 
ATEG 

coupled 
thermal- 
electric 
mathematical 
model 

finite element 
analysis/ 
ANSYS 

constant 
boundary 
condition 

[20] 

three- 
dimensional 
steady state 
relatively 
long 
calculation 
time 

finite element 
method/ 
Matlab 

multiple 
boundary 
conditions 

[38] 

one- 
dimensional 
steady state 
short 
calculation 
time 

ATEG 
system 

fluid-thermal- 
electric 
numerical 
model 

thermal 
resistance 
network/ 
Matlab 

multiple 
boundary 
conditions 

[25,36,39] 

two- 
dimensional 
steady state 
short 
calculation 
time 

finite element 
method 
combined with 
thermal 
resistance 

physical field 
distributions 

[15,34,35] 

two- 
dimensional 
steady state 

(continued on next page) 
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1) A novel dual finite element method is developed to solve the pro-
posed fluid-thermal-electric multiphysical model, establishing an 
accurate system-level mathematical model of automobile ATEG.  

2) The effect of ATEC geometry on thermoelectric performance is 
analyzed from the perspective of the automotive ATEG system 
considering different vehicle speeds. Based on the analysis results, 
some new recommendations are made for future ATEG design.  

3) Multi-objective global optimization was carried out to determine and 
compare the structural parameters of a single ATEC, a single ring of 
ATEG, and the entire ATEG. To our best knowledge, this is the first 
work that different levels of ATEG designs are carried out and 
compared with the same design criteria. 

2. Modeling of ATEG 

2.1. Physical model 

Fig. 2(a) depicts an overall schematic of the proposed ATEG system. 
The system comprises an ATEG set, a cylindrical exhaust heat exchanger 

Table 1 (continued ) 

Research 
subject 

Model type Modeling 
method/ 
Software 

Features References 

network/ 
Matlab 

short 
calculation 
time 

CFD and 
thermal- 
electric 
numerical 
coupling 
model 

finite element 
method/ 
COMSOL 

multiple 
boundary 
conditions 

[33,40] 

physical field 
distributions 
three- 
dimensional 
steady state 
long 
calculation 
time  

Fig. 1. Structural optimization objects of ATEGs: (a) individual ATEC, (b) a single ring of the ATEG, and (c) the whole ATEG.  

Fig. 2. Schematic diagram of the proposed ATEG: (a) overall structure, (b) 3D view of an annular thermoelectric couple, and (c) axial section view.  
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with an internal hollow cylinder (concentric annular heat exchanger), 
and an external cooling water jacket. When the heat source flows 
through the hot-end heat exchanger and the cooling water flows through 
the external cooling water jacket, the big temperature difference causes 
directional movement of the ions inside the thermoelectric semi-
conductors, resulting in a voltage difference. 

Fig. 2(b) depicts a typical 3D structure of an ATEC. In each ring, q 
pairs of ATECs were uniformly distributed. Each ATEC comprises a p- 
type and an n-type thermoelectric semiconductor, a conductive copper 
sheet, and a ceramic plate on both sides. The distance between each ring 
is 1.5 mm. Here, H, δ, and θ denote the height, thickness, and angle of the 
semiconductor legs, respectively. The inner radius of the ATEC is 
denoted by rpn. The angle of the gap between the legs is φ = 1.5◦. The 
subscripts “p” and “n” refer to the p-type and n-type semiconductors, 
respectively. The physical parameters of a commercial bismuth telluride 
thermoelectric material are all functions of temperature in this study. 

A cross-section of the proposed ATEG is shown in Fig. 2(c). The 
exhaust flows into the device and is then directed to the annulus duct 
along the hollow cylinder inside the heat exchanger. This structure can 
increase the convective heat transfer efficiency and retain the high 
temperature at the hot end of the ATEC to maximize power generation. 
Here, Di is the diameter of the hollow cylinder inside the heat exchanger, 
and Lhex and Dhex are the length and outer diameter of the heat 
exchanger, respectively. The cold end of the thermoelectric component 
is cooled by circulating water, with the heat source and cooling fluid 
flowing in the opposite direction. The shape factors in this study include 
heat exchanger dimensions (Di and Lhex), and thermocouple dimensions 
(H, δ, and θ). The effects of these structural parameters on ATEG ther-
moelectric properties will be discussed in later sections. 

2.2. Theoretical model 

In previous studies, the finite element meshes were typically created 
by dividing the region either along the ATEC height direction [16,26,38] 
or along the fluid flow direction [34,35,42]. In contrast, we propose a 
dual finite element modeling/solution method to simulate the ATEG 
with improved accuracy in this work. In this method, we simultaneously 
create the finite element meshes by dividing the region in the thermal 
fluid flow direction (x-direction) and the ATEC height direction (r-di-
rection). The ATECs inside ATEG can be grouped into n rings along the 
fluid flow direction, as shown in Fig. 3(a). The ring is further discretized 
into m computational units to calculate the key parameters separately, 
and each computational unit consists of a pair of ATECs. The schematics 
of the ith (i = 1, 2, ⋅⋅⋅, m) unit in the jth ring (j = 1, 2, ⋅⋅⋅, n) are shown in 
Fig. 3(b). When constructing this theoretical model, the following as-
sumptions are made: 1) The surface thermal radiation is ignored, 2) all 
thermoelectric semiconductors are thermally insulated from each other, 
3) the Thomson effect is ignored, and 4) the internal and external loads 
of the closed-loop circuit are matched. 

2.2.1. Heat transfer in the fluid flow direction 
In the ATEG, the hot and cold fluids flow into the system at tem-

peratures Tfin and Twin, respectively. Tfin and Twin are equal to the tem-
peratures of the corresponding first computational unit, i.e., Tfin = Tf

1, 
Twin = Tw

m+1, where Tf and Tw are the hot and cold fluid temperatures, 
respectively, as shown in Fig. 3(b). Furthermore, in Fig. 3(b), Th and Tc 
denote the hot- and cold-end surface temperatures of the thermoelectric 
legs, respectively. For the hot fluids, the outlet temperature of the (j − 1) 
th computational unit is considered as the inlet temperature of the jth 
computational unit, and vice versa for cold fluids. 

The hot-end heat flow Qh
j and cold-end heat flow Qc

j of the ith ring can 
be obtained by considering the Peltier heat, Joule heat, and Fourier 
conductive effect, i.e., 

Qj
h = q

[
αj

pnIjTj
h + Kj

pn

(
Tj

h − Tj
c

)
− 0.5

(
Ij)2Rj

pn

]
(1)  

Qj
c = q

[
αj

pnIjTj
c + Kj

pn

(
Tj

h − Tj
c

)
+ 0.5

(
Ij)2Rj

pn

]
(2)  

Ij = qαj
pn

(
Tj

h − Tj
c

)/[
Rj

L + q
(

Rj
pn + Rj

cu

)]
(3) 

Here, q is determined by the angles θp and θn of the p- and n-type 
thermoelectric legs as well as the angle φ of the gap in between (see 
Fig. 2(b)), i.e., 

q = 360◦
/(

2φ + θp + θn
)
,φ = 1.5◦ (4) 

and q will be rounded down if it is not an integer. The Seebeck co-
efficient αpn, resistance Rpn, and thermal conductance Kpn are calculated 
as follows 

αj
pn = αj

p − αj
n (5)  

Rj
pn =

ρj
pln

[(
rpn + Hp

)/
rpn

]

δpθp
+

ρj
nln

[(
rpn + Hn

)/
rpn

]

δnθn
(6)  

Kj
pn =

δpθpλj
p

ln
[(

rpn + Hp
)/

rpn
]+

δnθnλj
n

ln
[(

rpn + Hn
)/

rpn
] (7)  

where rpn = δwa + δcu + δcer + Dhex/2 denotes the inner radius of the p/n- 
type semiconductor leg. The overbars in the above equations represent 
the averaged parameters. They are calculated by 

αj
p =

[∫ Tj
h

Tj
c

αp(T)dT]

/
[
Tj

h − Tj
c

]
(8)  

αj
n =

[ ∫ Tj
h

Tj
c

αn(T)dT]

/
[
Tj

h − Tj
c

]
(9) 

Fig. 3. Schematics of proposed finite element method: (a) Finite element meshing; (b) Heat transfer process and temperature relationships.  

W. Yang et al.                                                                                                                                                                                                                                   



Applied Thermal Engineering 220 (2023) 119797

6

ρj
p =

[ ∫ Tj
h

Tj
c

ρp(T)dT]

/
[
Tj

h − Tj
c

]
(10)  

ρj
n =

[∫ Tj
h

Tj
c

ρn(T)dT]

/
[
Tj

h − Tj
c

]
(11)  

λj
p =

[∫ Tj
h

Tj
c

λp(T)dT]

/
[
Tj

h − Tj
c

]
(12)  

λj
n =

[ ∫ Tj
h

Tj
c

λn(T)dT]

/
[
Tj

h − Tj
c

]
(13) 

where α, ρ, and λ denote the Seebeck coefficient, resistivity, and 
thermal conductivity, respectively. 

Furthermore, considering the convective heat transfer rate of the 
fluid, Qtrans,f denotes the heat transported by the thermal fluid, and Qtrans, 

c denotes the heat transported by the cold fluid, i.e., 

Qj
trans,f = cj

f mf

(
Tj

f − Tj+1
f

)
(14)  

Qj
trans,c = cwmw

(
Tj

w − Tj+1
w

)
(15) 

In addition, considering the irreversibility of the finite heat trans-
mission, the heat flow Qconv,f of the jth ring can be expressed as 

Qj
conv,f = qAhkj

f

[
0.5

(
Tj

f + Tj+1
f

)
− Tj

h

]
(16)  

where kf is determined by the convective heat transfer thermal resis-
tance Rf,conv, the thermal resistance of the heat exchanger’s outer wall Rf, 

wa, the thermal resistance of the copper sheet Rf,cu, and the thermal 
resistance across the ceramic sheet Rf,cer, i.e., 

kj
f = 1

/(
Rj

f ,conv + Rj
f ,wa + Rj

f ,cu + Rj
f ,cer

)

= 1
/(

1/hj
f + δwa

/
λj

wa + δcu
/

λj
cu + δcer

/
λj

cer

) (17) 

and hf is the convective heat transfer coefficient obtained from the 
Gnielinski correlation [35,41]: 

hj
f = Nuj⋅λj

f

/
(Dhex − Di) (18)  

Nuj =

Prj(Fj/8)(Rej − 1000)
[

1 +
(

Dhex − Di
Lhex

)2/3
]

1 + 12.7
̅̅̅̅̅̅̅̅̅̅
Fj/8

√ [
(Prj)

2/3
− 1

]

⎡

⎣

(
Tj

f + Tj+1
f

)/
2

(
Tj

h,hex + Tj+1
h,hex

)/
2

⎤

⎦

0.45

(19)  

Fj =
(
1.8logRej − 1.5

)− 2 (20)  

where Th,hex represents the hot end heat exchanger’s wall temperature. 
The heat exchanger length Lhex is determined by the thickness δ of 
thermoelectric legs, the gap δgap between each ring, and the number of 
rings n, i.e., Lhex = n (δ + δgap). The Reynolds number Re of the exhaust 
gas is determined by 

Rej = vf ωf (Dhex − Di)
/

μf (21)  

vj
f =

mf

ωj
f π
[
(Dhex/2)2

− (Di/2)2
] (22) 

Similarly to Qconv,f, the heat flow Qconv,c can be calculated by 

Qj
conv,c = qAckj

w

[
Tj

c − 0.5
(
Tj+1

w + Tj
w

)]
(23) 

with 

kj
w = 1

/(
Rj

w,conv + Rj
w,wa + Rj

w,cu + Rj
w,cer

)

= 1
/(

1/hj
w + δwa

/
λj

wa + δcu
/

λj
cu + δcer

/
λj

cer

) (24) 

where the definitions and calculations of the parameters are similar 
to Eq. (17) but not elaborated here for brevity. 

According to the characteristics of the connection point and the 
continuity of the finite element meshes, we have Qh = Qconv,f and Qc =

Qconv,c. Since the heat released by the thermal fluid in the jth ring equals 
the heat absorbed by the ATECs, we have Qh =Qtrans,f. Similarly, we have 
Qc = Qtrans,c for the cold end. 

2.2.2. Heat transfer along the height direction of the thermoelectric legs 
Fig. 4 shows how the ATECs in the jth ring are discretized into m 

computational units along the height direction in a p-type semi-
conductor leg. 

Denoting the temperatures on the ith computational unit of the p- 
and n-type thermoelectric legs by Tp

j (i) and Tn
j (i), respectively, the ATEG 

hot-end heat flow Qh and cold-end heat flow Qc can be expressed as 

Qj
h= q{

[
αj

p(1) − αj
n(1)

]
Tj

hIj + Kj
p(1)

[
Tj

h − Tj
p(2)

]

+Kj
n(1)

[
Tj

h − Tj
n(2)

]
− 0.5

(
Ij)2

[
Rj

p(1) + Rj
n(1)

]
}

(25)  

Qj
c= q{

[
αj

p(m) − αj
n(m)

]
Tj

cI
j + Kj

p(m)
[
Tj

p(m) − Tj
c

]

+Kj
n(m)

[
Tj

n(m) − Tj
c

]
− 0.5

(
Ij)2

[
Rj

p(m) + Rj
n(m)

]
}

(26)  

where the Seebeck coefficient α, resistance R, and thermal conductance 
K are obtained from the following equations 

α(i) =
∫ T(i)

T(i+1) αdT
T(i) − T(i + 1)

(27)  

ρ(i) = ρ|T(i)+T(i+1)
2

(28)  

λ(i) = λ|T(i)+T(i+1)
2

(29)  

Rj
p +Rj

n =
∑m

i=1

ln[r(i + 1)/r(i)]
δθ

[
ρp(i) + ρn(i)

]
(30)  

Kj
p +Kj

n =
∑m

i=1

δθ
ln[r(i + 1)/r(i)]

[
λp(i) + λn(i)

]
(31) 

Here, r(i) denotes the radius of the ith computational unit in the r- 
direction of the ATEC, given by 

r(i) = rpn + i × (H/m) (32) 

Fig. 4. Discretization of a single annular p-type semiconductor leg.  
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The heat released from the ith unit equals the heat absorbed by the (i 
+ 1)th unit, i.e., 

αj
p(i)I

jTj
p(i + 1) + Kj

p(i)
[
Tj

p(i) − Tj
p(i + 1)

]
+

1
2
(
Ij)2Rj

p(i) =

αj
p(i + 1)IjTj

p(i + 1) + Kj
p(i + 1)

[
Tj

p(i + 1) − Tj
p(i + 2)

]
−

1
2
(
Ij)2Rj

p(i + 1)

(33) 

The hot-end temperature equals the temperature of the first 
computational unit, i.e., Th

j = Tp
j (1) = Tn

j (1) and Tc
j = Tp

j (m) = Tn
j (m). The 

temperature of the (i + 1)th computational unit can be obtained. For 
example, for the p-type semiconductor, we have 

Tj
p(i + 1) =

Kj
p(i)Tj

p(i) + Kj
p(i + 1)Tj

p(i + 1) + 1
2(I

j)
2
[
Rj

p(i) + Rj
p(i + 1)

]

Kj
p(i) + Kj

p(i + 1) +
[
αp(i + 1) − αp(i)

]
Ij

(34) 

The heat flow at both ends of the copper sheet, according to Eq. (25), 
can be expressed as 

Q
(
r = rpn

)
= Qj

h = q
[
Kj

cu

(
Tj

h,cu − Tj
h

)
+ 0.5

(
Ij)2Rcu

]
(35)  

Q
(
r = rh,cu

)
= Kj

cer

(
Tj

h,cer − Tj
h,cu

)
(36) 

With Eqs. (25), (35), and (36), Th can be obtained by 

Tj
h =

g1Tj
h,cer + Kj

p(1)Tj
p(2) + Kj

n(1)Tj
n(2) + 0.5(Ij)

2
[
Rj

p(1) + Rj
n(1)

]
+ g2(Ij)

2

[
αj

p(1) − αj
n(1)

]
Ij + Kj

p(1) + Kj
n(1) + g1

(37) 

Similarly, Tc can be expressed as 

Tj
c =

g3Tj
c,cer + Kj

p(m)Tj
p(m) + Kj

n(m)Tj
n(m) +

{
0.5

[
Rj

p(m) + Rj
n(m)

]
+ g4

}
(Ij)

2

[
αj

p(m) − αj
n(m)

]
Ij + Kj

p(m) + Kj
n(m) + g3

(38) 

As shown in Fig. 4, Th,cer denotes the temperature of the contact 
surface between the ceramic and the heat source at the hot end, and Th,cu 
is the temperature of the contact surface between the copper connector 
and the ceramic plate at the hot end. The definitions of Tc,cu and Tc,cer are 
similar to Th,cer and Th,cu, respectively. The expressions of coefficients g1, 
g2, g3, and g4 are provided in the Appendix. 

2.2.3. Output performance evaluation 
The voltage of the jth ring is the superposition of the open-circuit 

voltages of the m computational units, i.e., 

Voc = q
∑m

i=1

{[
Tj

p(i) − Tj
p(i + 1)

]
αj

p(i) −
[
Tj

n(i) − Tj
n(i + 1)

]
αj

n(i)
}

(39) 

The current I in the jth ring is calculated by 

Ij = Vj
oc

/[
Rj

L + q
(

Rj
p + Rj

n + Rj
cu

)]
(40) 

Then the total output power Pout and efficiency η of ATEG are 
expressed as 

Pout =
∑n

j=1

(
Ij)2Rj

L (41)  

η = Pnet

/
∑n

j=1
Qj

h (42) 

The exhaust pressure drop increases with the introduction of the 
hollow cylinder, leading to higher convective heat transfer efficiency 
and a larger exhaust resistance. The net power Pnet is introduced to 
evaluate the net power generation capacity of the ATEG: 

Pnet = Pout − Phex,loss (43)  

Phex,loss =
∑n

j=1

Δpjmf

ρj
f

=
∑n

j=1
f j
z

Lmf

(
vj

f

)2

2(Dhex − Di)
(44)  

where ρf and Δp denote the density and pressure drop of the thermal 
fluid, respectively. The friction coefficient fz of the thermal fluid is 
determined by [42] 

f j
z =

⎧
⎪⎨

⎪⎩

64
/

Rej, Rej⩽2000

0.3164
(
Rej)0.25, 2000 < Rej⩽

59.7
[2Hr/(Dhex − Di)]

8/7

(45)  

2.3. Solution method 

Fig. 5. shows the flow chart for solving this dual finite element nu-
merical model, and the steps are described below. Given the ATEC and 
heat exchanger dimensions, the ATEG boundary conditions are first 
determined. The initial αpn

j , Kpn
j , and Rpn

j are next calculated based on the 
fluid’s average temperature that flows into the jth computational unit. 
By setting the initial heat transfer coefficient and current and with Eqs. 
(1)− (2), (14)− (16), and (23), the heat transfer rates Qh

j and Qc
j , fluid 

temperatures, and temperatures at both ends of the ATEC are solved 
using an iterative approximation method. Then, the temperatures of the 
thermocouple connection points, i.e., Tp

j (1), Tn
j (1), Tp

j (m), and Tn
j (m), are 

updated according to the temperatures at both ends of the ATEC. Next, 
the temperature distribution in the ATEC height direction is calculated 
using Eqs. (34), (37), and (38). If Error1 is greater than a preset tolerance 
(10− 6 is in this example), the updated temperature is used as the initial 
temperature and recalculated; otherwise, αpn,new

j , Kpn,new
j , and Rpn,new

j are 
calculated based on the temperature distribution. If Error2 exceeds the 
preset tolerance, the temperature distribution is recalculated with the 
updated parameters as the initial parameters until a converged solution 
is obtained. Finally, the output power, net power, and efficiency are 
solved according to Eqs. (39)− (45). The physical properties and pa-
rameters required for solving the model are shown in Table 2. 

2.4. Boundary conditions 

The ATEG under investigation is designed to recover exhaust waste 
thermal energy from suburban utility vehicles (SUVs), and the boundary 
conditions of ATEG are related to vehicle speed. The ATEG’s inlet is 
connected to the three-way catalytic converter, and its outlet is con-
nected to the muffler. It should be noted that because the cooling water 
tanks and the structure of ATEG differ significantly from those of the 
flat-type TEG, the external dimensions of ATEG should be much smaller 
than the distance between the chassis and the underside of the car. This 
can avoid any adverse effects on the normal operation of the vehicle. 

In order to predict the performance of the ATEG set for real-world 
operation, we adopt the actual driving conditions of the SUV in the 
vehicle simulation package in ADVISOR [43]. The boundary conditions 
at the entrance of ATEG were measured and shown in Fig. 6. Here, the 
total vehicle weight is 1788 kg, the maximum engine power is 102 kW, 
the engine displacement is 3 L, and the car operates at a constant speed. 
The effect of vehicle speed on the inlet parameters of the ATEG cooling 
system channels was minimal. The mass flow rate mw was maintained at 
50 g/s, and the cooling water temperature fluctuated about 365.15 ± 2 
K [44]. 

3. Model validation and performance analysis 

3.1. Validation with mathematical models and experimental data 

First, the automotive ATEG thermal resistance model developed by 
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Fig. 5. Flow chart of the method to solve the proposed dual finite element numerical model.  

Table 2 
Detailed parameters and material properties.  

Name Material name Material property Value Units 

Ceramic plate Alumina Thermal conductivity λcer = 30 W/(m⋅K) 
thickness δcer = 0.002 m 

Copper connector Copper Thermal conductivity λcu = 400 W/(m⋅K) 
thickness δcu = 0.001 m 

Heat exchanger Aluminum Thermal conductivity λwa = 217.7 W/(m⋅K) 
thickness δwa = 0.0015 m 
diameter Dhex = 0.1 m 

p-type 
Semiconductor 

p-type Bi2Te3  

[7] 
Seebeck coefficient αp(T) = 1.134 × 10–14T4 – 2.035 × 10–11T3 + 1.11 × 10–8T2 – 1.818 × 10–6T + 1.61 ×

10–4 
V/K 

Thermal conductivity λp(T) = – 1.242 × 10–9T4 + 2.331 × 10–6T3 – 1.575 × 10–3T2 + 0.457 T – 46.97 W/(m⋅K) 
Electrical resistivity ρp(T)= – 4.32 × 10–16T4 + 8.94 × 10–13T3 – 7.74 × 10–10T2 + 3.519 × 10–7T – 5.01 ×

10–5 
Ω⋅m 

n-type 
Semiconductor 

n-type Bi2Te3  

[7] 
Seebeck coefficient αn(T) = – 1.3 × 10–14T4 + 2.325 × 10–11T3 – 1.42 × 10–8T2 + 3.469 × 10–6T – 4.428 ×

10–4 
V/K 

Thermal conductivity λn(T) = + 1.537 × 10–10T4 – 3.019 × 10–7T3 + 2.246 × 10–4T2 – 7.414 × 10–2T +
10.12 

W/(m⋅K) 

Electrical resistivity ρn(T) = 1.317 × 10–16T4 – 2.305 × 10–13T3 + 7.827 × 10–11T2 + 4.507 × 10–8T – 
8.072 × 10–6 

Ω⋅m 

Hot fluid Exhaust gas  
[41] 

Specific heat capacity cf(T) = 1.0731 – 5.7059 × 10–4T + 1.4411 × 10–6T2 – 1.0838 × 10–9T3 + 2.8163 ×
10–13T4 

J/(g⋅K) 

Dynamic viscosity μf(T) = 2.68 + 6.098 × 10–2T – 2.8219 × 10–5T2 + 7.005 × 10–9T3 10–6 Pa⋅s 
Density ωf(T) = 3.1589 × 103– 10.51 T + 1.6237 × 10–2T2 – 1.1708 × 10–5T3 + 3.178 ×

10–9T4 
g/m3 

Thermal conductivity λf(T) = – 1.1 × 10–3 + 1.046 × 10–4T – 5 × 10–8T2 + 9 × 10–12T3 W/(m⋅K) 
Prandtl number Pr(T) = 0.7798 – 2 × 10–4T – 7 × 10–7T2 + 2 × 10–9T3 –9 × 10–13T4  

Cold fluid Water [42] Specific heat capacity cw = 4.177 J/(g⋅K) 
convective heat transfer 
coefficient 

hw = 1000 W/ 
(m2⋅K)  
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Shen et al. [39] was used to validate the present model. An ATEG system 
for automotive exhaust thermal energy recovery was established using a 
PbSnTe-based thermoelectric material where H = 6 mm, θp = θn = 15◦, 
and δ = 2 mm. The boundary conditions are: Tfin = 873 K, mf = 46 g/s, 
Twin = 353 K, and mw = 500 g/s. The same parameters and thermo-
electric material properties are used in the validation process. The 
simulation results are compared in Fig. 7(a). When Lhex less than 1 m, the 
error is less than 2 %; when Lhex = 1.35 m, the error reaches the 
maximum value of 3.9 %. The error occurs because the current model 
considers the temperature dependence of thermal fluid properties: The 
dynamic viscosity coefficient, Prandtl number, density, specific heat 
capacity, and thermal conductivity are not constant but functions of 
temperature. Furthermore, the ATEG length studied in this paper is 
generally less than 1 m due to the structure of the vehicle exhaust sys-
tem. Therefore, the results of the proposed and the reference models 
match well. 

Although a ring thermoelectric module has been proposed [45], its 
geometry and electrical connections differ from the conventional ATEGs 
[15–27]. Hence, the result in [45] is not suitable for model comparison 
and validation. Instead, experimental data from a conventional auto-
motive TEG is used for model validation. Niu et al. [46] constructed an 
automobile TEG by combining a commercial Bi2Te3-based thermoelec-
tric module with a heat exchanger for an experimental test. The heat 
exchanger is made of a 1-mm thick purple copper plate, and 56 ther-
moelectric modules are closely arranged between the cold fluid channels 
and the heat exchanger. Fig. 7(b) shows the variation of TEG output 
power with the load resistance at Tfin = 393 K. The average error be-
tween the model in this paper and the experimental data is 3.1 %. As a 
high-fidelity physics-based model, the proposed model shows higher 
accuracy than the model in [34]. The error between experimental data 
and simulation results of the proposed model is caused by the following: 

1) The contact thermal resistance and contact resistance are ignored 
since the experiment does not provide them; 2) The experimental wire 
resistance and TEG heat loss are neglected; 3) Error exists between the 
measured value and the theoretical values. In fact, the present study 
mainly focuses on the condition of matching the internal and external 
loads so that these errors can be neglected. Therefore, the proposed 
model is considered to be able to predict the performance of the auto-
motive ATEG accurately. 

3.2. Model performance analysis 

To demonstrate the characteristics and superiority of the proposed 
mathematical model, Fig. 8 depicts the detailed physical field distribu-
tion of the ATEG when vv = 60 km/h. Six rings were constructed, each 
containing 12 ATECs. Fig. 8(a) depicts the temperature variations in the 
ATEC height direction as well as the fluid flow direction. The detailed 
Seebeck voltage and current distribution can also be obtained according 
to Eqs. (39) and (40). Fig. 8(b) shows the variations in fluid temperature, 
Reynolds number, flow rate, and heat transfer coefficient along the fluid 
flow direction. Therefore, the proposed model can be used to predict the 
detailed distribution of fluid-thermal-electric multiphysical fields in the 
automotive ATEG. 

Fig. 7(b) compared the simulation results of the proposed model and 
a comprehensive numerical ATEG model developed in our previous 
work [34] with the experimental data. The maximum error between the 
simulation results in [34] and the experimental data is less than 8 %. The 
proposed model can thus obtain much more accurate results compared 
to the model in [34]: The accuracy of the mathematical model proposed 
in this study was improved by 62 %. As mentioned earlier, this 
improvement is achieved by discretizing each pair of thermocouples into 
m computational units along the height direction and introducing a 
triple iterative process to find the optimal approximate solution. It is 
worth noting that, even though the iterative process has increased the 
algorithmic complexity, the computational efficiency of the new model 
is not significantly reduced. The CPU execution time is less than 10 s. 
Compared to the proposed method, the ATEC finite element models built 
by COMSOL [47–49] and the neural network-trained simulation models 
[50] are much more time-consuming. In addition, although a multi- 
objective optimization algorithm is an effective tool for finding 
optimal solutions under multivariate and multiple conditions, some 
papers have performed structural optimization of FTEGs using some of 
the methods mentioned above [51,52], but at the expense of high 
computational cost. On the other hand, few studies have been conducted 
on ATEGs. The mathematical model proposed in this paper enables high- 
precision simulation from a single ATEC to the entire TEG. 

4. Results and discussion 

As shown in Fig. 9, when the structural parameters of the thermo-
electric legs vary, the overall structure of the ATEG changes 

Fig. 6. Exhaust inlet parameters of ATEG under different vehicle speeds.  

Fig. 7. Validation of the proposed analytical model: (a) Comparison with simulation results from Ref. [39]. (b) Comparison with experimental data from Ref. [46] 
and simulation results from Ref. [34]. (Errora: error between the present model and experimental data; Errorb: error between Ref. [34] and experimental data). 
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considerably. Fig. 9(a) serves as a control group, where H = 5 mm, θ =
21◦, and δ = 5 mm. Fig. 9(b), (c), and (d) show the schematics of the 
ATEG when H = 10 mm, θ = 9.75◦, and δ = 10 mm, respectively. 
Therefore, the effect of ATEC structural parameters on the thermoelec-
tric performance of ATEG should be analyzed under global consider-
ations rather than optimizing the optimal parameters of individual 
ATECs. This is one of the main contributions that differ the present work 
from existing studies, and the results will be analyzed in detail in this 
section. 

The outer diameter Dhex of the heat exchanger is generally fixed by 
the size of the vehicle exhaust system, as described in Section 2.4, and in 
this study, we set Dhex = 0.1 m. Therefore, the effect of the inserted 
hollow cylinder diameter Di on the ATEG is mainly studied. Define the 
dimensionless diameter. 

γ = Di/Dhex (46) 

where γ denotes the inner to outer diameter ratio of the heat 
exchanger with a concentric annular channel. 

Since the cross-section of the ATEC is not in a rectangular form, all 
the structural parameters investigated in this paper will affect the vol-
ume of the ATECs (denoted by VATEC). To evaluate the net power 
generated per unit volume, we define the net power volume density PDV, 
as the ratio of the net power to the volume of all ATECs: 

PDV = Pnet/VATEC (47) 

Compared to the net power Pnet, PDV is considered a more suitable 
indicator for evaluating the output performance of ATEG, particularly in 
automotive applications where a high power output with the smallest 
possible volume is required. 

4.1. Effect of thermoelectric leg height, H 

The effect of thermoelectric leg height H on the thermoelectric per-
formance at different vehicle speeds is shown in Fig. 10 for θ = 4.5◦ and 
δ = 2 mm. As shown in Fig. 10(a) and (b), the net power and efficiency 
increase with leg height, but the growth rate reduces gradually. This is 

Fig. 8. Detailed distribution of the (a) ATEC temperature and (b) hot fluid parameters. (H = 5 mm, θ = 13.5◦, δ = 5 mm).  

Fig. 9. Schematic diagram of the ATEG with different ATEC structural parameters: (a) control group, H = 5 mm, θ = 21◦, δ = 5 mm. (b) H = 10 mm; (c) θ = 9.75◦; (d) 
δ = 10 mm. 
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because the thermal resistance of the thermoelectric leg gradually in-
creases as H becomes larger, increasing the temperature difference be-
tween the two ends and improving the thermoelectric performance. 
However, the additional electric potential obtained is gradually 
consumed by the internal resistance of the thermoelectric legs as H in-
creases. Furthermore, when the vehicle speed exceeds 100 km/h, the net 
power increases first and gradually decreases. The reason is that there is 
a limit on the convective heat transfer effect between the hot end of the 
thermoelectric module and the hot fluid. Therefore, continuously 
increasing the heat flow density will cause a slow increase in the power 
of the ATEG [53], while the high mass flow rate of exhaust gas will result 
in a loss of engine pumping power [42]. As a result, it is unsuitable to 
choose higher thermoelectric legs for all ATECs because such a design 
cannot effectively increase the net power when the entire automobile 
ATEG is considered. 

Interestingly, the single-loop ATEC model developed by Zhu et al. 
[38] showed that as leg height increases, the efficiency could increase, 
but the output power decreases. The contradictory conclusion is due to 
that in applications where the temperature difference is small, 
increasing the leg height can result in excessive electric potential con-
sumption due to the internal resistance of the ATEC. In fact, the output 
power of the automotive ATEG increases with a larger H, which cor-
roborates the results of Shen et al. [39]. It also illustrates that when 
many ATECs are coupled together to form an ATEG for practical appli-
cations, the thermoelectric performance might differ from that of a 
single thermoelectric couple. 

As shown in Fig. 10(c), the power density PDV decreases as H in-
creases. Higher ATECs require more thermoelectric materials, leading to 
larger weights and sizes. It should also be noted that slender thermo-
electric legs should be avoided during design because it reduces ATEG 
stability and service life, particularly in the automotive exhaust recovery 
system. 

In general, the higher the vehicle’s speed and lead to the higher 

values of mass flow rate, vehicle exhaust temperature, and the amount 
of heat. As a result, the operating temperature difference amongst the 
ATECs increase with vehicle speed, as shown in Fig. 10(d). However, 
according to the material properties of thermoelectric semiconductors, 
the thermal conductivity and resistivity increase with rising temperature 
(Table 2), leading to a degradation in performance. Therefore, 
increasing the vehicle speed will cause lowered net power, efficiency, 
and power density. For example, when H = 6 mm, the calculated 
average net power, average power density, and average temperature 
difference are 74.39 W, 261.7 W/m3, and 106.3 K, respectively. When H 
is doubled, although there is an increase of 42.5 % in the average tem-
perature difference, the resulting average net power can only increase 
by 10 %, and the average power density decreases by 47.9 %. 

4.2. Effect of thermoelectric leg angle, θ 

This section will examine the effect of the thermoelectric leg angle θ 
on the ATEG output performance. When the gap between the ATECs in 
each ring remains constant, a change in θ affects the number of ther-
moelectric legs within a ring as well as the heat transfer area, as 
described in Eq. (4). On the other hand, the number of ATECs and the 
heat transfer area significantly influence the ATEG performance. As an 
example, the thermoelectric leg angle is selected as 2.25◦, 3◦, 4.125◦, 6◦, 
9.75◦, and 21◦ for investigation. The corresponding numbers of ATECs 
in a single ring are 48, 40, 32, 24, 16, and 8, respectively. 

The effects of θ on net power Pnet, efficiency η, and power density PDV 
at different vehicle speeds are shown in Fig. 11(a), (b), and (c), 
respectively. It can be seen that larger thermoelectric leg angles improve 
the efficiency and power density, but the changing trend of the net 
power is in the opposite direction. This is because as the angle increases, 
the average operating temperature difference of the thermocouple in the 
direction of fluid flow decreases, resulting in lower output power. 
Meanwhile, as the thermal resistance of the ATECs decreases, the heat 

Fig. 10. Variations of (a) Pnet, (b) η, and (c) PDV with H under different vv, and variations of (d) ΔT along the hot fluid flow direction under different H at vv = 120 
km/h. (θ = 4.5◦, δ = 2 mm, and γ = 0.8). 
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transfer through the ATECs will increase, and the fluid temperature will 
decrease more, as shown in Fig. 11(d). In addition, the effect of vehicle 
speed on these trends was not significant. When θ > 9.75◦, the growth of 
η and PDV slows down and Pnet continues to fall. The temperature gra-
dients of the thermal fluid becomes more obvious, leading to reduced 
thermoelectric performance of the equipment. 

4.3. Effect of thermoelectric leg thickness, δ 

The thickness δp/δn affects not only the geometry of an ATEC but also 
the total length Lhex of the TEG set. Lhex, on the other hand, will directly 
affect the back pressure of the vehicle exhaust duct, resulting in parasitic 
power losses, which will be discussed in detail in this section. 

The variation of output power Pout and net power Pnet with thickness 
δ at different vehicle speeds vv are shown in Fig. 12(a). With increased δ, 
Pout first increases rapidly and then the increase rate drops gradually. 
This trend is in agreement with the results obtained by Zhu et al. [38]. 

According to Eq. (6), increasing the leg thickness can reduce the internal 
resistance of the ATEC, but it does not influence the output voltage. As a 
result, one can increase the current and output power Pout by simply 
increasing δ. Furthermore, as the δ increases, it is interesting to observe 
that the net power increases first before it drops at some peak point. This 
is because, for a specific number of rings, the thickness has a linear 
relationship with the total length of the ATEG. According to Eq. (44), 
increasing the length of the ATEG will increase the exhaust back pres-
sure and exhaust resistance inside the heat exchanger, leading to an 
additional power loss Ploss in the engine. As vv increases, Ploss becomes 
more significant. The variation of the pressure drop Δp with thickness δ 
at different vehicle speeds vv is shown in Fig. 13. The optimum thickness 
corresponding to the peak net power is 5 mm at most vehicle speeds. 
When vv = 120 km/h, the maximum net power can reach 260 W. In 
addition, Fig. 12(b) shows the variation of PDV and η with δ for different 
vv. It can be seen that PDV follows the same trend as Pout, whereas as the 
thickness increases, the efficiency decreases. This is because an increase 

Fig. 11. Variations of (a) Pnet, (b) η, and (c) PDV with θ under different vv, and variations of (d) ΔT along the hot fluid flow direction under different θ at vv = 120 km/ 
h. (H = 6 mm, δ = 2 mm, and γ = 0.8). 

Fig. 12. Variations of (a) Pout and Pnet, (b) PDV and η with δ under different vv at H = 6 mm, θ = 6◦, and γ = 0.8.  
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in the heat transfer area of ATECs and a decrease in thermal resistance 
can result in a smaller operating temperature difference and more heat 
transferred to the cooling system. 

4.4. Effect of heat exchanger inner diameter, Di 

When the mass flow rate and the temperature in the engine exhaust 
are low, the exhaust cannot adequately fill the heat exchanger channel, 
resulting in low heat transmission efficiency. In this condition, the heat 
transfer capability of the ATEG can be improved by reducing the cross- 
sectional area of the internal exhaust channels, but this may also in-
crease pressure drop. Therefore, the effect of the inner diameter Di of the 
heat exchanger will be discussed in this section. 

The effect of the dimensionless diameter γ on the exhaust pressure 
drop Δp at various vehicle speeds is illustrated in Fig. 14. As γ increases, 
the value of Δp increases slowly in the low-to-medium γ regions, while it 
grows drastically in the high γ region. This relationship can be explained 
as follows. According to Eq. (22), the exhaust gas flow rate is inversely 
proportional to the cross-sectional area of the heat exchanger. Since a 
larger γ will reduce the cross-sectional area, and according to Eq. (44), 
Δp is proportional to the exhaust gas flow rate, Δp will increase with γ. 

Despite the increased back pressure, the output performance can still 
be improved. The effect of γ on Pout and Pnet at different vv is illustrated in 
Fig. 15(a). The hot end of the thermocouple absorbs more heat from the 
thermal fluid as γ increases, resulting in a larger operating temperature 
difference. Therefore, a larger γ can lead to higher output power. The 
trend of variation in net power, on the other hand, is different. When the 
vehicle moves slowly, the output power curve nearly coincides with the 
net power curve. As the vehicle speed increases, Pnet increases first and 
then decreases with the increase of γ. When the vehicle speed is 120 km/ 
h and γ = 0.9, the net power goes negative, indicating that high exhaust 
resistance will have a negative effect on the engine performance. When 
evaluating ATEG system performance, the different trends in Pout and 
Pnet demonstrate the inadequacy of using a single output power as a 
metric for assessing the validity of optimization results. The dimen-
sionless diameter γ should be less than 0.9 to maintain a suitable pres-
sure drop in the exhaust system and avoid excessive power loss. 

The variations of efficiency η and net power density PDV with 
dimensionless diameter γ are shown in Fig. 15(b) and (c), respectively. 
Their trends are similar to the net power, indicating that the heat loss of 
ATEGs can be reduced by increasing the heat transmission efficiency of 
the hot-side heat exchanger so that the conversion efficiency can be 
effectively improved. In addition, increasing the vehicle speed can also 

effectively increase PDV and η. For instance, when vv = 120 km/h and γ 
= 0.8, the maximum net power and net power density are 236 W and 
740 W/m3, respectively, and the corresponding conversion efficiency is 
5.33 %. Although the power density decreases when γ increases from 0.8 
to 0.85, this is acceptable since the vehicle speed vv is considered below 
120 km/h most of the time. 

4.5. Structural optimization with NSGA-II 

From Section 4.1 to Section 4.4, we have seen that different ATEG 
structural parameters affect the thermoelectric properties differently. 
Compared with the optimization results from existing studies 
[27,54,55], the trend of the optimal ATEC size varies since the optimi-
zation objects are different. Furthermore, it is impossible to achieve 
optimal power, efficiency, and power density simultaneously by 
changing the structural parameters of the ATEG. This section will pre-
sent the method to address this multi-objective optimization problem by 
considering a single ATEC, a single ring of ATEG, and the entire ATEG. 
The second-generation non-dominated sorting genetic algorithm 
(NSGA-II) [52] is used in this study to optimize the three competing 
objective functions of power, efficiency, and power density. The pa-
rameters of the algorithm used are set as follows. The population size is 
300, the mutation probability is 0.3, the crossover probability is 0.9, the 
binary crossover parameter is 10, the polynomial variation parameter is 
20, and the number of iterations is 1000. The flow chart of the algorithm 
is shown in Fig. 16. The decision variables are given in Table 3, where 
the corresponding searching ranges are also given, determined by actual 
operating conditions. 

4.5.1. Multi-objective optimization with a single ATEC 
When optimizing with a single ATEC, a p-type semiconductor and an 

n-type semiconductor are assumed to be connected by a copper sheet, 
and then a load is connected in series, as shown in Fig. 1(a). The decision 
variables are height H, angle θ, and thickness δ. Fig. 17 shows the set of 
Pareto solutions when vv = 120 km/h. The point corresponding to the 
optimal design, determined using the Technique for Order of Preference 
by Similarity to Ideal Solution (TOPSIS), is indicated with arrows in the 
figure. The optimal output power, efficiency, and power density of the 
ATEC are 2.55 W, 5.2 %, and 11267 W/m3, respectively. The optimal 
decision variables and output performance under different boundary 
conditions are listed in Table 4. It shows that the optimal height de-
creases slowly as the vehicle speed increases, but the angle and thickness 
remain at corresponding maximum values. As the vehicle speed 

Fig. 13. Variations of Δp with δ under different vv at H = 6 mm, θ = 6◦, and γ 
= 0.8. 

Fig. 14. Variations of Δp with γ under different vv at H = 6 mm, θ = 6◦, and δ =
5 mm. 

W. Yang et al.                                                                                                                                                                                                                                   



Applied Thermal Engineering 220 (2023) 119797

14

increases, all three objective functions of the ATEC increase. This is 
because increasing the heat source temperature and mass flow rate can 
lead to a higher heat transfer coefficient and increased energy absorbed 
at the hot end, resulting in improved thermoelectric performance. 

4.5.2. Multi-objective optimization with single ring ATEG 
When optimizing with the single ring of ATEG, it is assumed that q 

pairs of ATECs are connected in series by copper sheets, and then a load 
is connected in series, as shown in Fig. 1(b). The decision variables are 
the same as that in the previous case, i.e., height H, angle θ, and 

Fig. 15. Variations of (a) Pout and Pnet, (b) η and (c) PDV with γ under different vv at H = 6 mm, θ = 6◦, and δ = 5 mm.  

Initial population

Non-dominated sorting and congesting 
degree computation

Gen=1

Selection, crossover, mutation

Combine population

Non-dominated sorting and congesting 
degree computation

Generate new population

Gen＜Set value？

Finish

Start

Gen=Gen+1
YES

NO

Fig. 16. Flow chart of NSGA-II.  

Table 3 
Constraints on decision variables.   

H (mm) θ (◦) δ (mm) γ 

Max 12  43.5 10  0.95 
Min 2  2.25 2  0.6  

Fig. 17. Pareto set of optimal solutions with a single ATEC as the optimization 
object. (vv = 120 km/h). 
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thickness δ. Fig. 18 shows the set of Pareto solutions when vv = 120 km/ 
h, where the optimal output power, efficiency, and power density are 
11.98 W, 6.04 %, and 16500 W/m3, respectively. The optimal decision 
variables and output performance under different boundary conditions 
are listed in Table 5. It can be seen that the optimized parameters and 
trends of the decision variables are similar to the results of a single ATEC 
in the previous subsection. 

4.5.3. Multi-objective optimization with ATEG 
When optimizing with the entire ATEG, it is assumed that q pairs of 

ATECs are connected in series by copper sheets to form a single ring, as 
shown in Fig. 1 (c). The objective functions consider the net power, 
efficiency, and power density. Besides the height H, angle θ, and 
thickness δ, the decision variables also include the dimensionless 
diameter γ. Fig. 19 shows the set of Pareto solutions when vv = 120 km/ 
h, where the optimal output power, efficiency, and power density of the 
ATEG are 321.6 W, 6.58 %, and 634.15 W/m3, respectively. The optimal 
decision variables and output performance under different boundary 
conditions are listed in Table 6. It can be seen that the optimized design 
parameters and their changing trends differ from that of the previous 
cases in Fig. 17 and Fig. 18. The optimized height and angle of the ATECs 
under the varying vehicle speed conditions are 12 mm and 2.25◦, 
respectively. This is because when applied to the entire ATEG, there is a 
large temperature drop along the fluid flow direction, requiring a long 
thermoelectric leg for increased thermal resistance so that the temper-
ature difference between the two ends of the ATEC can be maintained 
for better thermoelectric performance. Furthermore, the optimal thick-
ness of the thermoelectric legs increases with vehicle speed, whereas the 
optimal dimensionless diameter γ of the heat exchanger decreases with 
increased vehicle speed. 

Table 7 compares the performance of the three optimization results. 
Specifically, the structural parameters of all ATECs are set to the 

optimized values, and the ATEG’s output performance is calculated 
separately. This ATEG has 200 rings and a dimensionless diameter of 
0.74. The boundary condition is vv = 120 km/h. It can be seen from 
Table 7 that, if the structural configuration parameters are optimized by 
considering the entire ATEG, the obtained net powers can be increased 
by 168 % and 197 %, respectively, compared to the results based on a 
single ATEC and a single ring. Furthermore, the power density is only 
reduced by about 20 %. Hence, when optimizing the structural 

Table 4 
The optimal values of structural parameters and optimum thermoelectric output 
performance with a single ATEC as the optimization object.  

vv (km/h) Hopt (mm) θopt (◦) δopt (mm) Pout (W) η (%) PDV (W/m3) 

60  3.6  43.5 10  0.82  4.35 2832.1 
70  2.96  43.5 10  1.02  4.33 4229.5 
80  2.65  43.5 10  1.26  4.44 5749.4 
90  2.63  43.5 10  1.63  4.88 7295.6 
100  2.43  43.5 10  2.03  4.98 9461 
110  2.41  43.5 10  2.55  5.2 11,267 
120  2.42  43.5 10  3.17  5.28 12760.3  

Fig. 18. Pareto set of optimal solutions with a single ring as the optimization 
object. (vv = 120 km/h). 

Table 5 
Optimal values of structural parameters and optimum thermoelectric output 
performance with a single ring as the optimization object.  

vv (km/h) Hopt (mm) θopt (◦) δopt (mm) Pout (W) η (%) PDV (W/ 
m3) 

60  3.9  43.5 10  3.35  4.66 2619.3 
70  3.7  43.5 10  4.38  5.17 3755.5 
80  3.3  43.5 10  5.33  5.33 5185.5 
90  2.5  43.5 10  6.21  4.93 7705.9 
100  2.32  43.5 10  7.82  5.28 10,477 
110  2.2  43.5 10  9.62  5.58 13,462 
120  2.19  43.5 10  11.98  6.04 16,500  

Fig. 19. Pareto set of optimal solutions with an ATEG as the optimization 
object. (vv = 120 km/h). 

Table 6 
Optimal values of structural parameters and optimum thermoelectric output 
performance with an ATEG as the optimization object.  

vv (km/ 
h) 

Hopt 

(mm) 
θopt 

(◦) 
δopt 

(mm) 
γopt Pnet 

(W) 
η 
(%) 

PDV (W/ 
m3) 

60 12  2.25 4  0.906 65.68  4.8  132.36 
70 12  2.25 5  0.889 88.91  5.02  178.53 
80 12  2.25 6  0.864 115.3  5.2  232.43 
90 12  2.25 6.7  0.085 149.47  5.58  301.18 
100 12  2.25 7.9  0.819 196  5.88  395.0 
110 12  2.25 10  0.79 260.6  5.93  514.26 
120 12  2.35 10  0.74 321.6  6.58  634.15  

Table 7 
Performance comparison of the three optimization results.   

Hopt 

(mm) 
θopt (◦) δopt 

(mm) 
Pnet (W) η (%) PDV (W/ 

m3) 

An ATEC 2.42  43.5 10  119.98  1.67  797.0 
Single 

ring 
2.19  43.5 10  108.28  1.5  796.6 

ATEG 12  2.35 10  321.6  6.58  634.15  
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parameters of an ATEG, it is recommended to perform a global opti-
mization with the entire ATEG as the optimization objective. 

5. Conclusion 

In this paper, a dual finite element method is proposed to construct 
and solve a fluid-thermal-electric multiphysical theoretical model of 
automotive ATEG. From the perspective of an ATEG system, the effects 
of four structural parameters on thermoelectric performance at various 
vehicle speeds were investigated. The multi-objective optimization 
problems are solved and compared for a single ATEC, a single ring of 
ATEG, and the entire ATEG. Based on the results, the main findings are 
concluded as follows. 

1) The proposed theoretical model can be used to simultaneously pre-
dict the thermal, electric, and fluid fields of the ATEG. The average 
error between the simulation results and the experimental data is 3.1 
%, with a single calculation taking less than 10 s. This model is useful 
for rapid evaluation of the performance of the automotive ATEG 
system.  

2) It is found that thicker thermoelectric legs can increase both output 
power and power density but will also result in a linear increase in 
the overall length of the ATEG unit. This can cause excessive exhaust 
back pressure, reducing net power and conversion efficiency while 
increasing power generation costs.  

3) Most of the time, the dimensionless diameter γ positively correlates 
to output power. However, at high vehicle speeds, the net power, 

efficiency, and power density of increase and then decrease as γ 
increases.  

4) The obtained optimal structural parameters of the ATEG are Hopt =

12 mm, θopt = 2.35◦, δopt = 10 mm, and γopt = 0.74. Compared to the 
conventional methods based on a single ATEC and a single ring, the 
new results show an increase of 168 % and 197 % in the net power. 
However, the power density is reduced by about 20 % as an expense. 

In addition to optimizing the leg geometry to improve the perfor-
mance of the ATEG, it is also necessary to maintain a low exhaust 
pressure drop and enhance the heat transfer performance to increase the 
system’s net power. This factor will be considered in our future work to 
design an improved ATEG heat transfer scheme. 
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Appendix 

The temperature of the (i + 1)th computational unit of the n-type semiconductor is expressed as 

Tj
n(i + 1) =

Kj
n(i)Tj

n(i) + Kj
n(i + 1)Tj

n(i + 1) + 1
2(I

j)
2[Rj

n(i) + Rj
n(i + 1)

]

Kj
n(i) + Kj

n(i + 1) + [αn(i + 1) − αn(i)]Ij
(A.1) 

The thermal conductance Kh,cer
j of the hot end ceramic plate is 

Kj
h,cer =

4πδcerλj
cer

lnrh,cu − lnrh,cer
(A.2) 

The thermal conductance and resistance of the hot end copper sheet, Kh,cu
j and Rh,cu

j , are expressed as 

Kj
h,cu =

(
θp + θn + φ

)
δcuλj

cu

lnrpn − lnrh,cu
(A.3)  

Rj
h,cu =

(
lnrpn − lnrh,cu

)
δcuλj

cu

θp + θn + φ
(A.4) 

The thermal conductance and resistance of the cold end copper sheet, Kc,cu
j and Rc,cu

j , are expressed as 

Kj
c,cu =

(
θp + θn + φ

)
δcuλj

cu

lnrcu − lnr(m)
(A5)  

Rj
c,cu =

[lnrcu − lnr(m)]δcuλj
cu

θp + θn + φ
(A.6) 

The thermal conductance Kc,cer
j of the cold end ceramic plate is 

Kj
c,cer =

4πδcerλj
cer

lnrc,cer − lnrc,cu
(A.7) 

Then the coefficients g1, g2, g3, and g4 are 

g1 = q⋅Kj
h,cu⋅Rj

h,cu + 0.5Kj
h,cer⋅R

j
h,cu (A.8)  

g2 = Kj
h,cer⋅K

j
h,cu

/(
q⋅Kj

h,cu + Kj
h,cer

)
(A.9)  

g3 = 2Kj
c,cer⋅K

j
c,cu

/(
2q⋅Kj

c,cu + Kj
c,cer

)
(A.10) 
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g4 = Rj
c,cu⋅Kj

c,cer

/(
2q⋅Kj

c,cu + Kj
c,cer

)
+ 2Rj

c,cu (A.11)  
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